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Abstract
Maths-type q-deformed coherent states with q > 1 allow a resolution of unity in
the form of an ordinary integral. They are sub-Poissonian and squeezed. They may
be associated with a harmonic oscillator with minimal uncertainties in both position
and momentum and are intelligent coherent states for the corresponding deformed
Heisenberg algebra.
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1 Introduction
Generalized coherent states (GCS), associated with algebras other than the oscillator one,
have attracted a lot of attention in connection with problems in quantum optics, as well as
in other areas ranging from solid state physics to cosmology (for a recent review see [1]).
To be acceptable from a mathematical viewpoint [2], they have to satisfy a minimum set
of conditions: (i) normalizability (as any vector of a Hilbert space), (ii) continuity in their
label, and (iii) existence of a resolution of unity with a positive-definite weight function
(implying that the states form an (over)complete set).
An important class of GCS is provided by the q-deformed coherent states (CS), related
to deformations of the canonical commutation relation or, equivalently, to deformed boson
operators (see e.g. [3]). Among the latter, those satisfying the relation
bb† − qb†b = I, (1)
where b† is the Hermitian conjugate of b and q is some real constant [4, 5, 6], are often termed
maths-type q-bosons [7] because the ‘basic’ numbers and special functions associated with
them have been investigated in the mathematical literature for over 150 years (see e.g. [8]).
Eigenstates of the q-deformed annihilation operator b of Eq. (1), corresponding to some
complex eigenvalue z, were introduced in [4, 6]. Such q-deformed CS were shown [4] to
provide a unity resolution relation written as a q-integral with a weight function expressed
in terms of some q-exponential. An alternative formulation [9] was proposed in terms
of an ordinary integral with the corresponding weight function known through the formal
inverse Fourier transform of some given function. Its explicit form however cannot be easily
extracted for generic q. Such works were restricted to the parameter range 0 < q < 1.
Some other approaches to the q-deformed CS associated with the maths-type q-bosons,
instead of employing the complex plane C as the base field, used its q-deformation Cq, char-
acterized by the re-ordering rule zz∗ = qz∗z [10]. Both the eigenstates of the annihilation
operator b [11] and the states resulting from the action of a unitary q-analogue of the Weyl
displacement operator on the vacuum state [12] were studied in such a framework.
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In the present paper, we will revisit the problem of the annihilation operator eigenstates
in the conventional approach using the complex plane C and consider this time the ‘forgot-
ten’ parameter range q > 1. We actually plane to demonstrate that such q-deformed CS
have simpler mathematical properties than the corresponding ones for 0 < q < 1 in the
sense that they allow a resolution of unity in terms of an ordinary integral with a simple
positive-definite weight function. In addition, we will show that they have some nonclassical
properties relevant to quantum optics and that they may have some interesting applica-
tions in the context of a harmonic oscillator with minimal uncertainties in both position
and momentum [13, 14, 15], as suggested by some recent considerations in string theory
and quantum gravity.
2 Mathematical properties
Let Fq be the q-deformed Fock space associated with the q-boson creation and annihilation
operators considered in Eq. (1). It is spanned by the set of all n-q-boson states
|n〉q = (b
†)n√
[n]q!
|0〉q, n = 0, 1, 2, . . . , (2)
where |0〉q is the normalized vacuum state, i.e., b|0〉q = 0 and q〈0|0〉q = 1, and the q-factorial
[n]q! ≡


1 if n = 0,
[n]q[n− 1]q . . . [1]q if n = 1, 2, . . . ,
(3)
is defined in terms of the q-numbers
[n]q ≡ q
n − 1
q − 1 = 1 + q + q
2 + · · ·+ qn−1. (4)
Note that the q-factorial (3) can also be written in terms of the q-gamma function Γq−1(n+
1) [8] as
[n]q! = q
n(n−1)/2Γq−1(n + 1). (5)
The states |n〉q form an orthonormal basis of Fq,
q〈n′|n〉q = δn′,n, (6)
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and the action of the creation and annihilation operators on them is given by
b†|n〉q =
√
[n+ 1]q |n+ 1〉q, b|n〉q =
√
[n]q |n− 1〉q. (7)
As well known, the operators b†, b can be realized in terms of conventional boson oper-
ators a†, a, satisfying the relation [a, a†] = I, as
b† =
√
[N ]q
N
a†, b = a
√
[N ]q
N
, (8)
where N ≡ a†a and [N ]q is defined as in (4). As a consequence of (8), b†b = [N ]q and
bb† = [N + 1]q. By using such a map and assuming |0〉q = |0〉 (where a|0〉 = 0), we can
actually identify |n〉q with the n-boson state |n〉 = (n!)−1/2(a†)n|0〉 and Fq with the standard
Fock space F .
In Fq, we may now look for the eigenstates of b corresponding to some complex eigenvalue
z,
b|z〉q = z|z〉q. (9)
They are easily constructed in terms of the n-q-boson states (2) and are given by
|z〉q = N−1/2q (|z|2)
∞∑
n=0
zn√
[n]q!
|n〉q, (10)
where
Nq(t) =
∞∑
n=0
tn
[n]q!
= Eq(t) (11)
is some deformation of the exponential function et, to which it reduces for q → 1 (we should
add that the notation Eq(t) is also used for other types of deformations [8]).
In the cases considered so far [4, 6, 9], the deformation parameter q has been restricted
to the range 0 < q < 1. Since for such values, [n]q < n for n = 2, 3, . . . , the convergence
of the series defining Eq(t) is slower than that of the exponential series. As a consequence,
the states |z〉q are normalizable only on the disc of radius [∞]1/2q = (1− q)−1/2.
In contrast, for q values greater than 1, to which we restrict ourselves here, [n]q > n for
n = 2, 3, . . . , so that the convergence of Eq(t) is faster than that of the exponential and
the states |z〉q turn out to be normalizable on the whole complex plane.
4
They are also continuous in their label z, i.e.,
[z − z′| → 0 ⇒
∣∣∣|z〉q − |z′〉q∣∣∣2 → 0, (12)
because ∣∣∣|z〉q − |z′〉q∣∣∣2 = 2(1− Re q〈z′|z〉q) (13)
and
q〈z′|z〉q =
[
Eq(|z|2)Eq(|z′|2)
]−1/2
Eq(z
′∗z) (14)
is a continuous function.
Moreover, they give rise to a resolution of unity in Fq,
∫ ∫
C
d2z |z〉qWq(|z|2) q〈z| =
∞∑
n=0
|n〉q q〈n| = I, (15)
with a positive-definite weight function
Wq(|z|2) = q − 1
pi ln q
Eq(|z|2)
Eq(q|z|2) . (16)
To prove (15) and (16), we transform the former into the Stieltjes power-moment prob-
lem ∫ ∞
0
dt tnW˜q(t) = [n]q!, n = 0, 1, 2, . . . , (17)
by using Eq. (10) and its Hermitian conjugate. In (17), W˜q(t) is defined by W˜q(t) =
piWq(t)/Nq(t), where t ≡ |z|2. Equation (17) is a special case of
∫ ∞
0
dt ts−1W˜q(t) = q
(s−1)(s−2)/2Γq−1(s), Re s > 0, (18)
where Eq. (5) has been taken into account. Equation (18) as it stands is valid for all q > 1.
In order to obtain a solution W˜q(t) of Eq. (18), we return to the q < 1 case by making
a transformation q′ = 1/q (q′ < 1), supplemented by a change of variable t′ = t/q′. This
yields ∫ ∞
0
dt′ t′s−1W˜q′−1(q
′t′) = q′−1q′−s(s−1)/2Γq′(s), Re s > 0. (19)
This last form allows one to make a link to Eq. (3.9) of [16], which directly furnishes
W˜q′−1(q
′t′) =
1− q′
q′ ln(q′−1)
{
EJq′[(1− q′)t′]
}−1
, (20)
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where EJq′(x) is one of Jackson’s q
′-exponential (Eq. (1.3.16) of [8]). When rewritten with
q = 1/q′ > 1 again, this becomes
W˜q(t) =
q − 1
ln q
{
EJq−1 [(q − 1)t)]
}−1
=
q − 1
ln q
[Eq(qt)]
−1, (21)
where in the last step we used the relation between Jackson’s q-exponential and that defined
in Eq. (11). The solution (21) of the power-moment problem (17) is a manifestly positive
function, which is illustrated for a few q values in Fig. 1. Observe that for q → 1, W˜q(t)→
W˜ (t) = e−t.
We therefore conclude that the states |z〉q, defined in (10), qualify as GCS in the sense
described in Sec. 1. It is worth stressing, however, that contrary to the conventional CS,
but in analogy with many GCS (see e.g. [17, 18, 19]), it can be shown that the solution
W˜q(t) of the power-moment problem (17) may not be unique. Methods similar to those
used in [17] might be employed to construct other solutions.
Since the states |z〉q form a complete (in fact, an overcomplete) set in Fq when z runs
over the complex plane, we can associate with them a realization of Fq as a space Bq of
entire analytic functions, i.e., a q-deformed Bargmann representation.
For such a purpose, it is convenient to replace the normalized CS |z〉q by unnormal-
ized ones (denoted by a round bracket instead of an angular one), |z)q ≡ N 1/2q (|z|2)|z〉q,
and to substitute ξ∗ for z. Then any vector |ψ〉q = ∑∞n=0 cn(q)|n〉q ∈ Fq, i.e., such that∑∞
n=0 |cn(q)|2 <∞, can be realized by the entire function
ψq(ξ) = q(ξ
∗|ψ〉q =
∞∑
n=0
cn(q)√
[n]q!
ξn. (22)
The functions ψq(ξ) are the elements of a Hilbert space Bq, whose scalar product is defined
by
(ψ′q, ψq) =
1
pi
∫ ∫
C
d2ξ W˜q(|ξ|2)[ψ′q(ξ)]∗ψq(ξ). (23)
Any operator O, defined in Fq, is represented in Bq by some q-differential operator Oq,
defined by q(ξ
∗|O|ψ〉q = Oqψq(ξ) for any |ψ〉q ∈ Fq. In particular, b† and b are represented
by the operator acting in Bq as a multiplication by ξ and by the q-differential operator Dq,
defined by Dqψq(ξ) = [ψq(ξ)− ψq(qξ)]/[(1− q)ξ], respectively.
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In the special case where |ψ〉q is some coherent state |z〉q, we obtain from (14) that the
corresponding function is ψz(ξ) = [Eq(|z|2)]−1/2Eq(zξ). Such a result can also be derived
from the realization of Eq. (9) in Bq, which writes Dqψz(ξ) = ξψz(ξ).
3 Geometrical and physical properties in quantum op-
tics
Since through the mapping of |n〉q on |n〉, the q-deformed CS |z〉q are special linear combina-
tions of n-boson states, it is worth analyzing their nonclassical properties in quantum optics.
The simple structure of |z〉q makes it easy to calculate expectation values of operators. In
the following, we extensively use the relation [17]
q〈(a†)par〉q = (z∗)pzrS(p,r)q (t),
S(p,r)q (t) =
1
Nq(t)
∞∑
n=0
(
(n+ p)!(n + r)!
[n+ p]q![n + r]q!
)1/2
tn
n!
r, p = 0, 1, 2, . . . , (24)
where q〈O〉q ≡ q〈z|O|z〉q and t ≡ |z|2.
To start with, let us consider the metric factor ωq(t) = d〈N〉q/dt, determining the
geometry of the two-dimensional surface generated by the map from z ∈ C to |z〉q ∈ Fq and
described in polar coordinates r, θ (i.e., z = reiθ) by the line element dσ2q = ωq(r
2)(dr2 +
r2dθ2) [20]. It can be shown that for small t values, ωq(t) ≃ 1 − 2(q − 1)(q + 1)−1t +
O(t2) < ω(t) = 1, where the latter corresponds to the flat geometry of the conventional CS.
Numerical calculations confirm this result for higher t values: ωq(t) indeed turns out to be
a decreasing function of t, the departure from ω(t) = 1 increasing with the q value.
Information about the photon number distribution is provided by the Mandel parame-
ter [21]
Qq =
(∆N)2q − 〈N〉q
〈N〉q , (∆N)
2
q ≡ 〈N2〉q − 〈N〉2q , (25)
which vanishes for the Poisson distribution, is positive for a super-Poissonian distribution
(bunching effect) and is negative for a sub-Poissonian one (antibunching effect). For small t
values, we find Qq(t) ≃ −(q−1)t/(q+1)+O(t2). In Fig. 2, we plot Qq(t) as a function of t
for some q values. We notice that it is always negative and that consequently the state |z〉q
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is sub-Poissonian. Moreover, the departures from the Poisson distribution, characterizing
conventional CS, increase with q.
The variances (∆X)2q and (∆P )
2
q of the Hermitian quadrature operators X = (a +
a†)/
√
2, P = (a − a†)/(i√2), in any state |ψ〉q ∈ Fq satisfy the conventional uncertainty
relation (∆X)2q(∆P )
2
q ≥ 1/4. The lower bound is attained by the vacuum state, for which
both variances are equal to 1/2. A state |ψ〉q is squeezed for the quadrature X (resp. P ) if
(∆X)2q < 1/2 (resp. (∆P )
2
q < 1/2) [22].
For the q-deformed CS |z〉q, one easily shows that
(∆X)2q = 2(Re z)
2
{
S(2,0)q (t)−
[
S(1,0)q (t)
]2}
+ t
[
S(1,1)q (t)− S(2,0)q (t)
]
+
1
2
, (26)
and that (∆P )2q is given by a similar expression with Re z replaced by Im z. It is therefore
enough to study (∆X)2q . It can be checked numerically that the coefficient of 2(Re z)
2 in
(26), behaving as −
[
1−
√
2/(1 + q)
]
+ O(t) for small t values, is actually negative over a
wide range of t values. Hence, for a given t, the maximum squeezing in X can be achieved
when z is real. Let us therefore set z =
√
t and consider the ratio Rq(t) = 2(∆X)
2
q of the
variance (∆X)2q in |z〉q to the variance 1/2 in the vacuum state. For small t values, we
find Rq(t) ≃ 1 − 2
[
1−
√
2(1 + q)
]
t + O(t2), showing the presence of squeezing. This is
confirmed in Fig. 3, where Rq(t) is plotted against t for z =
√
t and several q values.
Finally, let us consider the signal-to-quantum noise ratio σq = 〈X〉2q/(∆X)2q, where
〈X〉2q = 2(Re z)2
[
S(1,0)q (t)
]2
. (27)
For a given t value, such a ratio is maximum for real z. Setting z =
√
t again, we obtain
for small t, σq(t) ≃ 4t[1 +O(t2)]. This may be compared with 4〈N〉q ≃ 4t[1− (q− 1)t/(q+
1) + O(t2)] and 4〈N〉q(〈N〉q + 1) ≃ 4t[1 + 2t/(q + 1) + O(t2)], corresponding to the values
4Ns and 4Ns(Ns+1) attained for the conventional CS and the conventional squeezed state,
respectively (here Ns = 〈N〉 denotes the number of photons in the signal). Hence there
is an improvement on the conventional CS value, but it still remains rather far from that
achieved by the conventional squeezed state, giving rise to the upper bound to σq [23]. This
can again be confirmed numerically over an extended range of t values.
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4 Application to a harmonic oscillator with minimal
uncertainties in both position and momentum
Studies on small distances in string theory and quantum gravity suggest the existence of
a finite lower bound to the possible resolution of length ∆x0. On large scales there is no
notion of plane waves or momentum eigenvectors on generic curved spaces and this leads to
the suggestion that there could exist a lower bound to the possible resolution of momentum
∆p0. It is a natural, though nontrivial, assumption that minimal length and momentum
should quantum theoretically be described as nonzero minimal uncertainties in position and
momentum measurements.
Such minimal uncertainties can be described in the framework of small corrections to
the canonical commutation relation [13]
[x, p] = i~(1 + αx2 + βp2) = i~
[
1 + (q − 1)
(
x2
4L2
+
p2
4K2
)]
, (28)
where α ≥ 0, β ≥ 0, and the reparametrization α = (q − 1)/(4L2), β = (q − 1)/(4K2) is
used. Here the constants L, K carry units of length and momentum and are related by
4KL = ~(1 + q), while
q =
1 + ~
√
αβ
1− ~√αβ (29)
is a dimensionless constant such that q ≥ 1, which immediately brings us back to the case
considered in the previous sections. The minimal uncertainties in the position and the
momentum are then given by ∆x0 = L
√
(q − 1)/q and ∆p0 = K
√
(q − 1)/q, respectively.
The special case where α = 0 and β > 0 can be treated by setting K(q) = 1
2
√
(q − 1)/β,
L(q) = 1
2
~(1+ q)
√
β/(q − 1), and letting q go to 1. The minimal uncertainty in the position
then turns out to be given by ∆x0 = ~
√
β, whereas there is no nonvanishing minimal
momentum uncertainty. As a consequence, the deformed Heisenberg algebra (28) can be
represented on momentum space wave functions (although not on position ones). Similarly,
in the case where α > 0 and β = 0, there is only a nonvanishing minimal uncertainty in the
momentum ∆p0 = ~
√
α and the algebra (28) can be represented on position space wave
functions.
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In the general case where α > 0 and β > 0, there is neither position nor momentum
representation so that one has to resort to a generalized Fock space representation [13],
wherein x and p are represented as
x = L(b† + b), p = iK(b† − b), (30)
in terms of some operators b and b† obeying Eq. (1) with q given by Eq. (29).
Recently, there has been much interest in the harmonic oscillator
H =
p2
2m
+
1
2
mω2x2, (31)
where the position and momentum operators satisfy the deformed commutation rela-
tion (28). The eigenvalue problem for such an oscillator was solved exactly in the mo-
mentum representation in the special case where α = 0 and β > 0 [14]. Its solution in the
general case where α > 0 and β > 0 will be given elsewhere [15].
Here we would like to point out that on inserting (30) into (31) and using (1), H can
be transformed into
H =
(
−K
2
2m
+
1
2
mω2L2
) [
(b†)2 + b2
]
+
(
K2
2m
+
1
2
mω2L2
)(
b†b+ bb†
)
, (32)
which becomes
H =
1
4
(1 + q)~ω{b, b†}, (33)
provided the condition
K = mωL or α = m2ω2β (34)
is fulfilled. Such a condition can be achieved in two different ways: either by assuming
a specific relation between the deformation parameters α, β of Eq. (28), but leaving the
oscillator frequency ω arbitrary, or by considering general deformation parameters α, β,
and an oscillator of frequency ω0 =
1
m
√
α
β
.
The Hamiltonian given in Eq. (33) is the most commonly used assumption for the
q-deformed harmonic oscillator Hamiltonian of frequency 1
2
(1+q)ω, associated with maths-
type q-bosons. Its eigenstates are the n-q-boson states (2) and the corresponding eigenvalues
are
En(q) =
1
4
(1 + q)([n]q + [n+ 1]q)~ω =
1
4
(1 + q){(1 + q)[n]q + 1}~ω. (35)
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The GCS |z〉q, considered in the previous sections, are just the usual CS that can be
associated with a Hamiltonian of type (33). From Eq. (30), it can be shown that the
averages and variances of x and p in such states are given by
〈x〉q = 2LRe z, 〈p〉q = 2K Im z,
(∆x)2q = L
2[1 + (q − 1)|z|2], (∆p)2q = K2[1 + (q − 1)|z|2], (36)
respectively. This implies that the generalized uncertainty relation [13]
∆x∆p ≥ ~
2
{
1 + α
[
(∆x)2 + 〈x〉2
]
+ β
[
(∆p)2 + 〈p〉2
]}
, (37)
corresponding to the deformed commutation relation (28), becomes an equality or, in other
words, that the states |z〉q are intelligent CS [24] for the deformed Heisenberg algebra (28).
We conclude that the states |z〉q may have some interesting applications in the context
of theories describing minimal uncertainties in both position and momentum, as suggested
by Eq. (28).
5 Conclusion
In the present paper, we have revisited the maths-type q-deformed CS with a special em-
phasis on the ‘forgotten’ case q > 1. We have proved that they are both normalizable on
the whole complex plane and continuous in their label, and that they satisfy a unity reso-
lution relation in the form of an ordinary integral with a positive-definite weight function.
Thus they give rise to a q-deformed Bargmann representation of the maths-type q-boson
operators.
In addition, we have investigated some characteristics of those CS relevant to quantum
optics. We have shown that they exhibit some nonclassical properties, such as antibunching,
quadrature squeezing, and enhancement of the signal-to-quantum noise ratio. We have also
pointed out that they induce a deformation of the metric.
Furthermore, we have established that they may be associated with a harmonic oscillator
with nonzero minimal uncertainties in both position and momentum, as resulting from a
deformed Heisenberg algebra in current use. We have finally shown that they are intelligent
CS for such an algebra.
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Figure captions
Fig. 1. The weight function W˜q(t) as a function of t = |z|2 for q = 1 (solid line), q = 1.5
(dashed line), q = 2 (dotted line) and q = 2.5 (dot-dashed line).
Fig. 2. The Mandel parameter Qq(t) as a function of t = |z|2 for q = 1.1 (solid line), q = 1.2
(dashed line) and q = 1.3 (dot-dashed line).
Fig. 3. The variance ratio Rq(t) as a function of t = |z|2 for real z and q = 1.1 (solid line),
q = 1.2 (dashed line) and q = 1.3 (dot-dashed line).
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